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We construct a two-dimensional, discrete-time quantum walk exhibiting non-Hermitian skin ef-
fects under open-boundary conditions. As a confirmation of the non-Hermitian bulk-boundary
correspondence, we show that the emergence of topological edge states are consistent with Floquet
winding numbers calculated using a non-Bloch band theory invoking time-dependent generalized
Billouin zones. Further, the non-Bloch topological invariants associated with the Floquet bands are
captured by a non-Hermitian local Chern marker in real space, defined through local biorthogonal
eigen wave functions of the non-unitary Floquet operator. Our work suggests the possibility of di-
rectly measuring non-Bloch topological invariants in quantum-walk dynamics, and would stimulate
further studies of non-Hermitian Floquet topological phases where skin effects play a key role.
I. INTRODUCTION
Non-Hermitian topological phases arise in open sys-
tems with non-Hermitian effective Hamiltonians [1], and
can exhibit remarkable properties with no counterparts
in Hermitian settings. In this context, one of the most
intensively discussed phenomena is the breakdown of con-
ventional bulk-boundary correspondence [2–10], which
can be restored through a non-Bloch band theory to
account for the localization of nominal bulk eigenstates
near boundaries [5–16], known as the non-Hermitian skin
effects. So far, non-Hermitian skin effects and the corre-
sponding non-Hermitian bulk-boundary correspondence
have been experimentally observed in topoelectric cir-
cuits [17, 18], metamaterials [19], or photons [20, 21].
These experiments explore the sensitivity of eigen-energy
spectra to boundary conditions, the localization of bulk
wave functions near boundaries, or the correspondence
between topological edge states with non-Bloch topolog-
ical invariants, but a direct measurement of non-Bloch
topological invariants is still elusive. Nor is there an ex-
perimental demonstration of non-Hermitian skin effects
in quantum mechanical systems of higher dimensions, for
want of readily accessible schemes.
In this work, we propose a two-dimensional, discrete-
time quantum walk which features non-Hermitian skin
effects and is amenable to existing control protocols on
quantum simulation platforms such as photons and cold
atoms. An exemplary Floquet system, discrete-time
quantum walks under appropriate design acquire topo-
logical properties [22–34], characterized by a pair of Flo-
quet winding numbers, which, in two dimensions, are
intimately connected to Chern numbers of the corre-
sponding Floquet bands [35]. For our proposed quantum
walk, we find that the topological invariants capable of
characterizing topological edge states should be calcu-
lated by a non-Bloch extension of the Floquet winding
numbers, defined on a generalized Brillouin zone that
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FIG. 1. Discrete-time quantum-walk dynamics on a bipartite
two-dimensional lattice. For each driving period, rotations
Tj (see main text for definition), are applied sequentially on
neighboring sublattice sites A (red) and B (blue) in a spatially
homogeneous fashion. The non-unitary gain-loss operator M
is inserted between T2 and T3 in each period. The quan-
tum walk is characterized by the angle parameters (θ1, θ2)
according to Eq. (1). The shaded area indicates a unit cell
for relevant calculations throughout the work.
is time-dependent within one driving period. More im-
portant, we show that non-Bloch topological invariants
of the system can be revealed through a non-Hermitian
local Chern marker in real space, which can be trans-
lated to the evaluation of single-particle matrices in real
space and hence detectable through quasi-local measure-
ments. Our study offers the interesting prospect of ob-
serving non-Hermitian skin effects and non-Bloch topo-
logical invariants in higher-dimensional non-Hermitian
topological systems, and enriches the understanding of
non-Hermitian Floquet topological phases.
The work is organized as follows. In Sec. II, we dis-
cuss the construction of the quantum walk and analyze
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FIG. 2. Typical energy spectra of the system under PBC [(a)(b)(c)(d)(e)] and OBC [(f)(g)(h)(i)(j)], respectively, with the
parameters: (a)(f) θ1 = 0.78pi, (b)(g) θ1 = 0.806pi, (c)(h) θ1 = 0.83pi, (d)(i) θ1 = 0.895pi, (e)(j) θ1 = 0.92pi. For all subplots, we
take θ2 = 1.59pi and γ = 0.4.
its quasienergy spectrum. In Sec. III, we show how
bulk-boundary correspondence is preserved by introduc-
ing non-Bloch Floquet winding numbers and non-Bloch
Chern numbers. A non-Hermitian local Chern marker is
defined and discussed in Sec. IV, which agrees with the
non-Bloch Chern number of the relevant Floquet band.
Finally, we summarize in Sec. V.
II. MODEL AND QUASI-ENERGY SPECTRUM
We consider a discrete-time, non-unitary quantum
walk on a bipartite square lattice, the Floquet operator
of which being
U = T4(θ1)T3(−θ2)M(γ)T2(−θ2)T1(θ1 − pi
2
), (1)
with Tj(θ) = e
iθσy (j = 1, 2, 3, 4), imposing rotations in
the basis of adjacent sublattice sites {|A〉, |B〉} according
to the sequence illustrated in Fig. 1. Here σi (i = x, y, z)
are the Pauli matrices. Non-unitarity is introduced
through the on-site gain-loss operator M = eγσz , with
γ the gain-loss parameter.
Based on recent experimental progress of topological
quantum walks with photons [28–34] or cold atoms [36],
such a design is accessible under the flexible control of
these systems. This is particularly so with single pho-
tons, where one-dimensional topological quantum walks
with non-Hermitian skin effects have recently been im-
plemented [20]. As we demonstrate below, the Floquet
operator Eq. (1) drives a non-unitary quantum walk with
non-Hermitian skin effects, but to characterize Floquet
winding numbers that account for topological edge states,
a generalized, time-dependent Brillouin zone would be
needed, in sharp contrast to previous studies.
A prominent feature of non-Hermitian systems with
skin effects is the sensitive dependence of the energy
spectrum on boundary conditions. We show in Fig. 2
the quasienergy spectra E, associated with the Floquet
Hamiltonian HF defined through U = e
−iHF (with a
branch cut at E = pi), where two distinct boundary
conditions are considered: periodic boundary condition
along both x and y directions [Fig. 2(a)(b)(c)(d)(e), la-
beled as PBC]; open boundary condition in the x direc-
tion but periodic along y [Fig. 2(f)(g)(h)(i)(j), labeled
as OBC]. Typical of non-Hermitian Floquet topological
phases, two quasienergy band gaps near ReE = 0 and
ReE = pi are identified on the complex plane where edge
states can appear under OBC. With changing parame-
ters, these band gaps can close [Fig. 2(a)(g) at ReE = 0]
and open up again [Fig. 2(e)(i)(j)], but gapless regimes
generally exist [Fig. 2(b)(c)(d)(h)], which is a common
feature for many two-dimensional non-Hermitian topo-
logical systems [6]. From the way the band gaps close
and open, we identify these as line gaps according to
the definition in Ref. [37]. Of particular importance, the
gap closing point occurs at distinct parameters under
different boundary conditions [Fig. 2(a)(h)], suggesting
the breakdown of conventional bulk-boundary correspon-
dence. This is more explicitly illustrated in Fig. 2(d)(i),
where the system under PBC is gapless near ReE = 0,
defying the definition of topological invariants, whereas
the same gap is open and a pair of in-gap edge states
appear under OBC.
To explore the mismatch in quasienergy spectrum un-
der different boundary conditions, in Fig. 3(a), we show
the gap-closing points and gapless regions under both
3boundary conditions in the parameter space of γ and
θ1. Apparently, the gapless region is larger under the
OBC, and the mismatch of gap closing points under
different boundary conditions increases with larger non-
Hermiticity. Such a behavior is accompanied by the non-
Hermitian skin effects [see Fig. 3(b)], with most eigen-
states localized at the boundaries, which, according to
the non-Bloch band theory, induce the breakdown of
Hermitian bulk-boundary correspondence and give rise
to the sensitivity of gap-closing parameters with respect
to boundary conditions. A natural question then is
whether the non-Bloch band theory should restore the
bulk-boundary correspondence in our Floquet dynamics.
III. NON-BLOCH FLOQUET WINDING
NUMBER
As discussed in Ref. [35], in a two-dimensional Floquet
topological system, the bulk-boundary correspondence is
governed by the Floquet winding numbers, which are re-
lated to Chern numbers of different Floquet bands in
a straightforward manner. Here, we show that a non-
Hermitian bulk-boundary correspondence can be estab-
lished through the introduction of non-Bloch Floquet
winding numbers, defined over the generalized Brillouin
zone, conceptually similar to the static case.
To define the Floquet winding number, we first rewrite
the Floquet operator in momentum space, in terms of a
time-dependent effective Hamiltonian H(k, t)
U(k) = T e−i
∫ 1
0
H(k,t′)dt′ , (2)
where T is the time-ordering operator. The formally
complicated H(k, t) can be constructed in a stroboscopic
fashion, by dividing each Floquet driving period (taken as
unit time) into five steps (see Appendix). A time-period
operator U(k, t) ( ∈ {0, pi}) is then introduced [35]
U(k, t) =
{
T e−2i
∫ t
0
H(k,2t′)dt′ , 0 ≤ t < 12
V(k, 2− 2t), 12 ≤ t ≤ 1
, (3)
where V(k, t) = e
−iHeff (k)t, with Heff (k) = ilnU(k).
The subscript  indicates a branch cut at  is taken when
evaluating ln. The Floquet winding number is then de-
fined as [35]
W =
1
8pi2
∫
dtdkxdkyTr
(
U−1 ∂tU[U
−1
 ∂kxU, U
−1
 ∂kyU]
)
.
(4)
For completeness, we also define the Chern number of a
given Floquet band
C =
1
2pii
∫
dkxdkyTr
(
Pˆ
[
∂kx Pˆ , ∂ky Pˆ
])
, (5)
where the operator Pˆ =
∑
n |ψn,R〉〈ψn,L| is the projec-
tion onto a given Floquet band with ψn,L(R) the nth left
(right) eigen states of the band. Specifically, U |ψn,R〉 =
λn|ψn,R〉 and U†|ψn,L〉 = λ∗n|ψn,L〉. Here λn is the nth
eigenvalue of U .
For a unitary quantum walk with γ = 0, the winding
number W0 (Wpi) dictates the number of edge states on
given edge and within the gap at , according to the bulk-
boundary correspondence of a two-dimensional Floquet
system. The difference between these winding numbers
corresponds to the Chern number of the Floquet band
between the relevant gaps. For instance, W0−Wpi (Wpi−
W0) corresponds to the Chern number of the left (right)
Floquet band in our system [35], according to layout of
Fig. 2.
In the non-unitary case with finite γ, topological edge
states appearing on the boundaries not always have a cor-
respondence in Floquet winding numbers calculated un-
der the PBC. Specifically, as shown in Fig. 2(d)(i), when
the system is gapless near  ( = 0, pi) under the PBC, im-
posing an OBC can open up the same gap, within which
topological edge states emerge, indicating the breakdown
of the conventional bulk-boundary correspondence.
To account for these boundary-dependent topological
edge states and restore the bulk-boundary correspon-
dence, we resort to the non-Bloch band theory, where
non-Bloch topological invariants are evaluated over a
generalized Brillouin zone, based on the non-Bloch na-
ture of the bulk eigen wave functions under the OBC.
For the strip-geometry considered here, the Bloch phase
factor eikxx of the bulk eigen wave functions along the x
direction is replaced by β(px, ky, t) := |β(px, ky, t)|eipx ,
where px is a phase parameter. The time dependence
of β(px, ky, t) derives from the time-period operator
U(k, t), and is directly related to the micromotion of
the Floquet dynamics. This is in sharp contrast to the
one-dimensional quantum walk in Ref. [20], where the
presence of chiral symmetry enables a simplified char-
acterization of the Floquet winding number with time-
independent β [38].
For our case, at any given time t within one driving
period, when the parameters (px, ky) vary, the allowed
values of β(px, ky, t), dictated by the quasi-energy spec-
trum through the eigen equations of U, form a closed
trajectory on the complex plane, representing the gen-
eralized Brillouin zone at time t [see Fig. 3(c) and Ap-
pendix]. The non-Bloch Floquet winding numbers W˜
are then evaluated by making the substitution (kx, ky)→
(px−iln(|β(px, ky, t)|), ky) in Eq. (4), where the time de-
pendence is to be integrated over one period.
We show the calculated non-Bloch Floquet winding
numbers in Fig. 3(d), where the light (dark) shaded re-
gion indicates gapless quasi-energy spectrum at ReE = 0
under PBC (both PBC and OBC). While Wpi = W˜pi =
−1 under all parameters shown in Fig. 3(d), the non-
Bloch winding number W˜0 takes quantized values only
in gapped regions under the OBC. Most important, the
non-Bloch winding number W˜0 is quantized and correctly
predicts the presence or absence of topological edge states
in the gap near ReE = 0 [see Figs. 2 and 3(d)], thus
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FIG. 3. (a) Gapless regions (for the gap near ReE = 0)
in parameter space spanned by γ and θ1. The light (dark)
shaded region denote gapless regions under PBC (both PBC
and OBC). The five black dots indicate the parameters used
for different columns in Fig. 2, from left to right in the same
sequential order. (b) Normalized spatial probability distribu-
tions, pn(m, ky) =
∑
s=A,B |〈m, s|Ψn,R〉ky |2, for eigen states
of U under OBC, with θ1 = 0.7pi, ky = 0.45pi and varying γ.
Here |m, s〉ky indicates the sublattice state s of the mth unit
cell along the x direction. |Ψn,R〉ky is the nth right eigenvec-
tor of U under OBC for a given ky. For our calculation, we
take 76 unit cells (labeled by m) along the x direction. (c)
Generalized Brillouin zones, characterized by β on the com-
plex plane, at different times within one driving period, with
θ1 = 0.78pi, ky = 0.45pi and γ = 0.4. (d) Non-Bloch Flo-
quet winding number W˜0 and Bloch winding number W0 for
γ = 0.4. The green solid (red dashed) line shows the calcu-
lated non-Bloch (Bloch) winding number W˜0 (W0), and the
shaded regions denote gapless regions similar to (b). For all
cases, we fix θ2 = 1.59pi, where the band gap near ReE = pi
remains open with W˜pi = −1.
restoring the bulk-boundary correspondence. We find
that edge states in both band gaps are chiral, propa-
gating in a counterclockwise fashion along the boundary,
similar to the Hermitian case.
Furthermore, by introducing the non-Bloch Chern
number, defined by replacing (kx, ky) in Eq. (5) with
(px − iln(|β(px, ky, t)|), ky), the relation between non-
Bloch Floquet winding numbers and the non-Bloch
Chern numbers of Floquet bands remains the same as
that in the Hermitian case. For instance, in Fig. 2(i)(j),
W˜0 = −1 and W˜pi = −1, leading to vanishing non-Bloch
Chern numbers for both Floquet bands. Nevertheless,
topological edge states emerge in both quasienergy gaps,
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FIG. 4. (a) Spatial dependence of non-Hermitian local Chern
markers for different γ. We take (θ1, θ2) = (0.78pi, 1.59pi) for
our calculation. We choose the unit cells as showing in Fig. 1,
and the system size we taken is Lx × Ly = 40 × 40, m is
the cell index along the x direction. (b) Local Chern marker
in the bulk (at the center of a finite system) as a function
of θ1, with θ2 = 1.59pi and γ = 0.4. The green solid, red
dotted, and blue dashed lines respectively represent the non-
Hermitian local Chern marker, the non-Bloch Chern number,
and the Bloch Chern number.
dictated by the non-Bloch Floquet winding number. We
note that while the non-Bloch Floquet winding numbers
W˜ is well-defined so long as the band gap at ReE = 
remains open, the non-Bloch Chern numbers are only
well-defined when both gaps are open.
IV. LOCAL CHERN MARKER
While topological invariants are considered global
characters of the system, local topological markers have
been identified recently, both for Hermitian [39–42] and
non-Hermitian [43] topological systems, which can dis-
tinguish different topological phases through quasi-local
probes in real space. Based on the Hermitian construc-
tion in Ref. [40], we adopt the following local Chern
marker for our two-dimensional quantum-walk dynamics
c(m) = −4pi
Ac
Im
∑
s=A,B
〈rm,s|Pˆ xˆQˆyˆPˆ |rm,s〉, (6)
where Ac is the area of a unit cell in real space [see
Fig. 1], |rm,s〉 labels the sublattice state s in the mth
unit cell, Qˆ = 1− Pˆ , and xˆ and yˆ are the position opera-
tors. Eq. 6 extends the previous definition in Ref. [40]
5to non-Hermitian settings by considering a biorthorg-
onal construction, but is distinct from the local marker
in Ref. [43], which is also defined for a non-Hermitian
topological system with skin effects.
Under OBC along the x direction, the local Chern
marker should be a function of position in the x direc-
tion, which is shown in Fig. 4 under fixed parameters with
W˜0 = 0 and W˜pi = −1. The calculated local Chern maker
is ∼ 1 sufficiently away from the boundaries, consistent
with the non-Bloch Chern number of the correspond-
ing Floquet band. Deviations are observed close to the
boundary, similar to the behavior of local Chern marker
in a Hermitian topological system [40]. We then show
the variation of the non-Hermitian local Chern number
across the topological phase transition [see Fig. 4]. Here,
the Chern marker is quantized to the non-Bloch Chern
number calculated with Eq. (5), provided the quasienergy
gap remains open.
Similar to the Hermitian case, we find that the projec-
tion operator Pˆ is exponentially localized in real space
when both band gaps are open and the Chern number
of the corresponding Floquet band is well-defined. This
makes the local Chern marker in Eq. (6) a quasi-local
probe in real space, which can in principle be detected
by measuring the matrix elements of single-particle den-
sity matrix [40].
V. CONCLUSION
We show that the non-Bloch band theory is crucial
in establishing non-Hermitian bulk-boundary correspon-
dence for two-dimensional, discrete-time quantum walks.
The resulting non-Bloch Floquet winding numbers, de-
fined over the generalize Brillouin zone, correctly pre-
dict the emergence of topological edge states in the
quasienergy gaps, and are related to non-Bloch Chern
numbers of the Floquet bands. A non-Hermitian local
Chern marker is introduced to characterize non-Bloch
Chern numbers in real space, whose quasi-local nature
offers the possibility of the direct detection of non-Bloch
topological invariants in future experiments. Our results
should be applicable to general non-Hermitian Floquet
topological systems.
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Appendix A: The effective Hamiltonian in momentum space
The explicit form of the time-dependent, effective Hamiltonian H(k, t) in Eq. (2) is constructed as the following
H(k, t) =
([
0 b(t)e−ikx + d(t)e−iky
a(t)e−ikx + c(t)e−iky 0
]
+H.c.
)
+
[
γ(t) 0
0 −γ(t)
]
, (A1)
with the step-wise, time-dependent parameters
a(t) = i(
pi
2
− θ1)G(t− 1
10
), (A2)
b(t) = −iθ2G(t− 3
10
), (A3)
γ(t) = iγG(t− 5
10
), (A4)
c(t) = iθ2G(t− 7
10
), (A5)
d(t) = iθ1G(t− 9
10
), (A6)
G(t) = 5Θ(t+
1
10
)Θ(
1
10
− t). (A7)
Here Θ(t) is the Heaviside step function. The time-dependent coefficients divide one Floquet period into five segments,
each implementing a gate operation.
6Appendix B: Generalized Brillouin zone
We now outline the recipe for calculating the generalized Brillouin zone, which is encoded in β(px, ky, t) under open
boundary conditions. Following Eq. (3) in the main text, we have
U(k, t) =

e−iH1(k)10t, 0 ≤ t ≤ 110
e−iH2(k)10(t−
1
10 )e−iH1(k), 110 < t ≤ 210
e−im(k)10(t−
2
10 )e−iH2(k)e−iH1(k), 210 < t ≤ 310
e−iH3(k)10(t−
3
10 )e−im(k)e−iH2(k)e−iH1(k), 310 < t ≤ 410
e−iH4(k)10(t−
4
10 )e−iH3(k)e−ime−iH2(k)e−iH1(k), 410 < t ≤ 510
e−iH
eff
 (k)(2−2t), 12 < t ≤ 1
(B1)
where
H1(k) = (
pi
2
− θ1)
(
0 −ieikx
ie−ikx 0
)
, (B2)
H2(k) = −θ2
(
0 ie−ikx
−ieikx 0
)
, (B3)
m(k) = iγ
(
1 0
0 −1
)
, (B4)
H3(k) = θ2
(
0 −ieiky
ie−iky 0
)
, (B5)
H4(k) = θ1
(
0 ie−iky
−ieiky 0
)
. (B6)
The step-wise H(k, t) and U(k, t) lead to a time-dependent β(px, ky, t) that is also step-wise in its functional form.
As an example, we show the calculation β for t ∈ ( 25 , 12 ].
With open boundaries in the x direction, ky is still a good quantum number, and system is reduced to a one-
dimensional quantum walk with an additional parameter ky. Fourier transforming Eq. (B1) over kx, we find the
time-period operator for the reduced one-dimensional quantum walk within the time interval t ∈ ( 25 , 12 ]
U(ky, t) =
∑
m
|m,A〉〈m,A| ⊗ A¯+ |m,B〉〈m,B| ⊗ B¯+ (B7)
|m,A〉〈m,B| ⊗ C¯ + |m,B〉〈m,A| ⊗ D¯+ (B8)
|m,B〉〈m+ 1, A| ⊗ E¯ + |m+ 1, A〉〈m,B| ⊗ F¯+ (B9)
|m,A〉〈m+ 1, A| ⊗ G¯+ |m+ 1, A〉〈m,A| ⊗ H¯+ (B10)
|m− 1, B〉〈m,B| ⊗ J¯ + |m,B〉〈m− 1, B| ⊗ K¯, (B11)
where |m,A〉 labels sublattice site A of the m the unit cell along x, and
A¯ = sin θ1 cos θ2A1A2M1, (B12)
B¯ = sin θ1 cos θ2B1B2M2, (B13)
C¯ = A1A2M1(− cos θ1 cos θ2P1 + sin θ1 sin θ2P0), (B14)
D¯ = B1B2M2(cos θ1 cos θ2P1 − sin θ1 sin θ2P0), (B15)
E¯ = B1B2M2(− cos θ1 cos θ2P0 + sin θ1 sin θ2P1), (B16)
F¯ = A1A2M1(cos θ1 cos θ2P0 − sin θ1 sin θ2P1), (B17)
G¯ = A1A2M1(− cos θ1 sin θ2P0), (B18)
H¯ = A1A2M1(− cos θ1 sin θ2P1), (B19)
J¯ = B1B2M2(− cos θ1 sin θ2P1), (B20)
K¯ = B1B2M2(− cos θ1 sin θ2P0), (B21)
(B22)
7with
M1 =
(
eγ 0
0 e−γ
)
,M2 =
(
e−γ 0
0 eγ
)
, P0 =
(
1 0
0 0
)
, P1 =
(
0 0
0 1
)
,
A1 =
(
cos θ
′
1 sin θ
′
1e
−iky
− sin θ′1eiky cos θ
′
1
)
, B1 =
(
cos θ
′
1 − sin θ
′
1e
iky
sin θ
′
1e
−iky cos θ
′
1
)
,
A2 =
(
cos θ2 − sin θ2eiky
sin θ2e
−iky cos θ2
)
, B2 =
(
cos θ2 sin θ2e
−iky
− sin θ2eiky cos θ2
)
. (B23)
Here θ
′
1 = (10t− 4)θ1, for t ∈ ( 25 , 12 ].
Assuming a bulk state ansatz
|ψ〉 =
∑
m
β−2m(|2m〉 ⊗ |φ〉+ β−1|2m+ 1〉 ⊗ σx|φ〉), (B24)
we have
U(ky, t)|ψ〉 =
∑
m
β−2m(|2m〉 ⊗ (A¯+ β−1C¯σx) + |2m+ 1〉 ⊗ (D¯ + β−1B¯σx) + |2m+ 2〉 ⊗ (H¯ + β−1F¯ σx) (B25)
+ |2m+ 3〉 ⊗ (β−1K¯σx) + |2m− 1〉 ⊗ (E¯ + β−1J¯σx) + |2m− 2〉 ⊗ G¯)|φ〉 (B26)
=λ
∑
m
β−2m(|2m〉 ⊗ |φ〉+ β−1|2m+ 1〉 ⊗ σx|φ〉). (B27)
Non-trivial solution of the eigen equation above exists only if
det(A¯− λ+ β−1C¯σx + β−2G¯+ βF¯σx + β2H¯) = 0. (B28)
At any given instant within the time range ( 25 ,
1
2 ], we numerically solve the eigen spectum λ of an open chain, from
which we get four non-zero solutions β using Eq. (B28). We keep two solutions that satisfy |βi| = |βj |, and use the
solution to fix the generalized Brillouin zone.
The calculation of β in other time intervals are similar. In particular, for t ∈ ( 12 , 1], β is independent of time.
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